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Several Filippov type implicit function theorems are known for CaratheodoryÂ
 .  .  .functions f t, x , i.e., all f ?, x are measurable and f t, ? are continuous. We
 .prove some generalisations of this theorem supposing only each function f t, ? to
be quasicontinuous with closed values. Q 1997 Academic Press
1. INTRODUCTION
w xThe implicit function theorem proved in 1959 by A. F. Filippov in 1
serves as an important tool in the optimal control theory. It assumes
however some continuity conditions which are sometimes restrictive. In
this paper we prove that the conclusions of Filippov's theorem remain true
if we weaken the continuity to quasicontinuity and assume moreover
closed values of a function. The quasicontinuity alone seems to be too
weak to obtain some reasonable conclusions, because such a function need
not be even measurable. The class of quasicontinuous functions with
closed values contains for example piecewise continuous functions which
fit well for the optimal control theory.
 .We shall denote by T or more precisely T , A an abstract measurable
space with a given s-algebra A of subsets of T. If a s-finite measure is
given on A we say that T is a s-finite measure space. We suppose X, Y to
 .be topological spaces, that often will be pseudo metrizable. We call X a
Polish space if it is separable and metrizable by a complete metric. X is
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called a Souslin space if it is metrizable and is a continuous image of a
Polish space.
X  4A set-valued function F : T ª 2 _ B is called a multifunction from T
to X and we denote it by the symbol F : T $ X which reminds us that F
intermediates a correspondence of each point of the departure set T with
two or more points of the target set X and, simultaneously, incites us to
 .consider the values F t as subsets of the space X and not merely as the
points of the power set 2 X, which usually inherits less structural properties
 .than X has. The graph in T = X of the multifunction F is the set
 .  .  .4Gr F [ t, x g T = X : x g F t and when no confusion is possible we
 . shall identify the multifunction F with Gr F like many authors do see,
w x .for example, 2 which is our standard reference for multifunctions . We
say that a multifunction F : T $ X is measurable weakly measurable,
. y1 .   .B-measurable, C-measurable if the inverse image F B [ t g T : F t
4 l B / B is an A-measurable subset of T for every closed open, borel,
.  .compact subset B in X. If Gr F g A m B where B is the borel
s-algebra on X, we say that F is graph measurable.
2. QUASICONTINUOUS FUNCTIONS AND CLOSED
VALUES OF A FUNCTION
 w x.The notion of quasicontinuity see, e.g., the survey article 5 , turns out
to be useful in our generalization of Filippov's theorem.
DEFINITION 1. Let X, Y be topological spaces. A function f : X ª Y is
said to be quasicontinuous at a point x g X if for every neighborhood V
 .of the image f x and every neighbourhood U of x there is a nonempty
 .open set W ; U such that f W ; V. If f is quasicontinuous at each point
of its definition domain X, we say that f is a quasicontinuous function.
As the open set W in the above definition need not to be a neighbour-
hood of the point x it is clear that quasicontinuous function need not to
be continuous. For example, any piecewise continuous function f : R ª Y
is quasicontinuous. It is known that quasicontinuous function need not be
even measurable with respect to a metric measure. Using quasicontinuity
we can define a quasi-Caratheodory function.Â
DEFINITION 2. Let T be measurable and X, Y be topological spaces.
We call a function f : T = X ª Y quasi-Caratheodory if for each x g XÂ
x  .the function f : t ¬ f t, x is ArB -measurable and for each t g T theY
 .function f : x ¬ f t, x is quasicontinuous.t
Quasi-Caratheodory functions share some important properties ofÂ
Caratheodory functions. The properties proved in the next two proposi-Â
tions will be used in the proof of Filippov type theorems.
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PROPOSITION 1. Let X be a separable topological space, Y be any topologi-
cal space, and f : T = X ª Y be a quasi-Caratheodory function. If we choseÂ
 4 .an open set V in Y such that for each t g T , f t = X l V / B then the
multifunction f : T $ X defined by
F t [ x g X : f t , x g V 4 .  .
is weakly measurable.
Proof. Let us consider an open set U ; X and a countable dense
subset D ; U. First we prove that
Fy1 U s Fy1 D . .  .
y1 . y1 .Since U > D the inclusion F U > F D is obvious. To prove the
 .opposite inclusion we suppose that F t l U / B. Let us choose a point
 .  .x g F t l U. Then U, V are open neighbourhoods of the points x, f x ,t
respectively, and owing to the quasicontinuity of f there exists a nonemptyt
 .open set W ; U with f W ; V. Making use of density of the set D wet
have D l W / B so there must exist a point xX g D l W such that
 X. X  .  .f x g V, so x g F t l D. It means F t l D / B and the inclusiont
y1 . y1 .F U ; F D is proved. To finish the proof it suffices to ensure the
y1 .A-measurability of F D . We can write
Fy1 D s t g T ¬ ' x g D : x g F t 4 .  .
y1xs t g T : f x g V s f V 4 .  .  .D Dt
xgD xgD
and the last set is measurable as a countable union of measurable sets.
 .PROPOSITION 2. Let T , A be a measurable space, X be a topological
 .space, and Y, d be a separable pseudometric space. If g : T ª Y is a
measurable function and f : T = X ª Y is a quasi-Caratheodory function thenÂ
the function
h t , x [ d g t , f t , x .  .  . .
is also a quasi-Caratheodory function.Â
 .Proof. Let B X be the Borel s-algebra on X. Then the projection
mapping p : T = X ª T is measurable with respect to the product s-alge-
 .bra A m B X . The composed mapping g (p : T = X ª Y is quasi-
Caratheodory even Caratheodory, because it is constant on each sectionÂ Â
 4 .t = X . So the mapping
g (p , f : T = X ª Y = Y .
t , x ¬ g p t , x , f t , x .  .  . . .
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is quasicontinuous in x. The measurability in the variable t is an immedi-
 .  .  .ate consequence of the equality B Y = Y s B Y m B Y , which is true
because of the countable base of the topology in Y. The metric d : Y = Y
 .ª R is a continuous mapping, therefore the composition d( g (p , f is a
quasi-Caratheodory function.Â
The quasicontinuous functions are rather general and we have to seek
for some restrictions. We have invented the notion of a closed value of a
function which turns out to be useful and, when combined with the
quasicontinuity, it allows us to prove a generalized Filippov theorem.
DEFINITION 3. Let X, Y be first countable topological spaces. We say
that a point y g Y is a closed ¨alue of a function f : X ª Y if for each
 .sequence x the following implication holds:n nG1
X Y
x ª x and f x ª y implies f x s y. .  .n n
Every point y g Y _Im f is a closed value of the function f so we could
have limited the choice of y in the previous definition to the closure of the
range of the function f , i.e., y g Im f. The notion of a closed value is a
kind of localization of the closed graph of a function because it means that
 .  4  4Gr f l X = y s Gr f l X = y . The following proposition is .
straightforward and the proof is left to the reader.
PROPOSITION 3. Let X, Y be first countable topological spaces. E¨ery
point y g Y is a closed ¨alue of the function f : X ª Y iff the graph of f is a
closed set.
As a closed value of a function f need not be at all the value of f ,
maybe it would be more appropriate to say that ``the graph of f is closed
at the point y.''
 .Remark 1. If a function f is continuous then each f x is a closed
value of f.
The next example shows that quasicontinuous functions with closed
values need not be continuous.
EXAMPLE. The function f : R ª R defined by
1¡
if x ) 0~f x s . x¢
0 if x F 0
is quasicontinuous with 0 as a closed value but f is not continuous.
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The next lemma is the core in the proof of the generalized Filippov
theorem.
 .LEMMA 1. Let X be a first countable topological space and Y, d be a
pseudometric space. Let y g Y be a closed ¨alue of a function f : X ª Y. If
we denote by G the setsn
1
G s x g X : d f x , y - ;n g N . .n  5n
then we ha¨e
` `
G s G .F Fn n
ns1 ns1
Proof. The inclusion ``; '' is obvious. To prove the opposite inclusion
```> '' let x g F G . So ;n g N, x g G and because of first countabil-ns1 n n
 . Xity of X there is a sequence x g G such that x ª x. Owing ton n nG1 n
  . .  . Yx g G we have ;n g N, d f x , y - 1rn and therefore f x ª y.n n n n
 .Using the fact that y is a closed value the equality f x s y holds true. So
`we have proved that ;n G 1, x g G and hence x g F G .n ns1 n
Now we have prepared to prove the main theorem of this paper.
 .THEOREM 1. Let X be separable metric space and Y, d be a pseudomet-
ric space. Let f : T = X ª Y be a quasi-Caratheodory function, G : T $ X beÂ
a compact-¨ alued measurable multifunction, and g : T ª Y a measurable
function such that
g t is a closed ¨alue of the function f x [ f t , x and .  .  .t
g t g f G t ; t g T . .  . .t
Then exists a measurable selector g : T ª X of the multifunction G such that
g t s f t , g t ; t g T . .  . .
Proof. Every measurable selector g : T ª X of the multifunction
H t [ G t l x g X : f t , w s g t ; t g T 4 .  .  .  .
would satisfy the conclusion of the theorem. We prove the existence of
such a selector g proving that H verifies the hypothesis of the Kuratowski
 .and Ryll-Nardzewski selector theorem. Since g t is a closed value of f ,t
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the multifunction
y1G t [ x g X : f t , x s g t s f g t 4 .  .  .  .  . .t
is a closed-valued multifunction. To prove the measurability of G let us
consider the multifunctions G : T $ X defined byn
1
G t s x g X : d f t , x , g t - ;n g N. .  .  . .n  5n
 .   .  ..The function h t, x [ d f t, x , g t is a quasi-Caratheodory functionÂ
following Proposition 2, so the multifunctions t ¬ G t are weakly mea- .n
surable. Owing to Lemma 1 we have
` `
G t s G t s G t . .  .  .F Fn n
ns1 ns1
 .  .  .Therefore the multifunction H : T $ X , H t s G t l G t s
`  .F G t l G t is measurable as the countable intersection of count- .ns1 n
ably many compact-valued measurable multifunctions.
 .   ..Remark 2. If we do not suppose that g t g f G t for all t g T wet
  .   ..4can define T [ t g T : g t g f G t and we can claim the existence of0 t
 .   ..the measurable function g : T ª X such that g t s f t, g t ; t g T .0 0
If we suppose more about the spaces T or X, the multifunction G need
not have compact values. An easy consequence of Theorem 1 is the
following
COROLLARY 1. If X is a s-compact space then we can require the
multifunction G in Theorem 1 to be only closed-¨ alued.
Repeating the proof of Theorem 1 and using the selector theorem of
w xHimmelberg 2, Theorem 5.7 instead of Kuratowski and Ryll-Nardzewski,
we can even drop the assumption on closed values.
THEOREM 2. Let T be a s-finite measure space, X be a Souslin space,
and Y a separable metric space. If the functions f , g are such as in Theorem 1
and the multifunction G : T $ X is graph measurable then there is a measur-
 .  .  .   ..able function g : T ª X such that g t g G t and g t s f t, g t for
almost all t g T.
If the function f depends only on one variable x and we assume the
continuum hypothesis, we obtain some lifting theorem which generalizes
w xthose proved in 2 under stronger assumptions.
COROLLARY 2. Let X be a separable metric space and Y a Hausdorff
Space. If f : X ª Y is a quasicontinuous function, G : T $ X is a closed-¨ alue
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C-measurable multifunction, and g : T ª Y is a C-measurable function with
 .   ..closed ¨alue g t g f G t of the function f for e¨ery t g T then there exists a
 .   ..C-measurable selector g : T ª X such that g t s f g t for all t g T.
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